
ARTICLES

Transient Effects and the Identifiability of Excited-State Processes

Andrzej Molski,* ,†,‡ Noe1l Boens,‡ and Marcel Ameloot§

Department of Physical Chemistry, Adam Mickiewicz UniVersity, Grunwaldzka 6, 60-780, Poznan, Poland,
Department of Chemistry, Katholieke UniVersiteit LeuVen, Celestijnenlaan 200F, 3001 HeVerlee, Belgium, and
Limburgs UniVersitair Centrum, 3590 Diepenbeek, Belgium

ReceiVed: June 13, 1997; In Final Form: NoVember 17, 1997

The identifiability of excited-state processes in the presence of transient effects is studied. The Smoluchowski
and Collins-Kimball models of diffusion-mediated association are considered. The kinetic parameters of
single-species quenching and related kinetic schemes (double-species quenching without excited-state
interchange, and irreversible association with separated excited-species spectra) can be uniquely recovered
from the same or a smaller number of decay traces than are necessary within classical kinetics where time-
invariant rate constants are used. For single-species quenching in low dimensions, 1D and 2D, the system
parameters can be uniquely recovered from a single decay trace at one nonzero quencher concentration. In
three dimensions, decays traces measured at two concentrations are necessary and sufficient to recover the
parameters. For double-species quenching without interchange of the excited states, decay traces at two
wavelengths collected in the absence and presence of quencher guarantee local identifiability of the model in
each dimension with or without transient effects. Irreversible association with separate excited-species spectra
is identifiable in each dimension, given decay traces at two quencher concentrations and two wavelengths.

1. Introduction

The identifiability problem is concerned with determining
values of model parameters when observations are available.
Identifiability with perfect observations is known under the name
of structural ordeterministic identifiability. There are three
possible outcomes to the deterministic identifiability analysis:
(i) The parameters of an assumed model can be estimated
uniquely, and the model isuniquely (globally) identifiablefrom
the experiment. (ii) There are a finite number of alternative
estimates for the model parameters that fit the data, and the
model islocally identifiable. (iii) There are an infinite number
of model parameter estimates that fit the data, and the model is
unidentifiablefrom the experiment.
Although identifiability analyses have been extensively used

in biomedicine, pharmacology, ecology, and engineering,1,2 their
use in photophysics is of recent vintage.3-14 We have reported
on the deterministic identifiability of inter- and intramolecular
two-state and three-state excited-state processes in the presence
and absence of added quencher.3,5-13 For the linear, time-
invariant models that we considered, the parameters to be
identified are rate constants and spectral parameters related to
absorption (the excited-state species concentrations at time zero)
and emission (the emission weighting factors). It was found
that some excited-state processes are uniquely identifiable, others
are only locally identifiable, and still others are unidentifiable

without prior knowledge of some of the system parameters; for
example, for intramolecular two-state excited-state processes
in the presence of added quencher it is possible to determine
only bounds on the rate constants.7,10 The methods available
for testing deterministic identifiability of linear, time-invariant
models are well-established1,2 and include among others the
Laplace transform approach, the normal-mode method, the
Markov parameters, and the similarity transformation method.15

For time-varying models no general methods are available for
assessing the deterministic identifiability problem. Time-
varying systems have been studied very rarely, and only one
report has been published describing the identifiability of an
excited-state process with a time-varying rate coefficient.14 The
conditions necessary for the simultaneous recovery of the rate
constants of deactivation,k01 and k02, of a two-state excited-
state process were investigated, without making any specific
assumptions as to the mechanism of interchange of the excited
species. Only a subset of kinetic parameters of a complex
reaction scheme involving transients was studied.
In this paper we study deterministic identifiability of the full

set of kinetic parameters of single-species quenching and related
kinetic schemes (double-species quenching without excited-state
interchange and irreversible association with separated excited-
species spectra), assuming the Smoluchowski and Collins-
Kimball models of diffusion-mediated association.16 We will
show that these kinetic models are identifiable (i.e., their
parameters can be estimated) from the same or a smaller number
of decay traces than are necessary within classical kinetics where
time-invariant rate constants are used. It should be noted that
the kinetic description of transient effects involves more
parameters than their classical kinetics counterparts.
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The deterministic identifiability conditions we develop here
establish the minimal experimental design, that is, the number
of decays that have to be collected at different wavelengths and
concentrations, such that the system response to an external
excitation (or the output of an ideal measuring device that
convolutes the system response with a noiseless instrument
response function) carries information sufficient for estimating
the kinetic parameters. However, in practice measurements
introduce errors and the system response is convoluted with a
noisy instrument function, which reduces the information content
of the data compared to that in an “ideal” system. The value
of a deterministic identifiability analysis to the practitioner is
thus in providing the upper limit on the kinetic information
contained in real experimental data. For identifiable kinetic
schemes, the goal of the deterministic analysis is to find the
conditions that are necessary for parameter recovery. If the
experimental design does not meet the identifiability criteria,
the parameters cannot be recovered no matter how many decays
are collected. Similarly, when a kinetic scheme is shown to be
deterministically unidentifiable, no experimental design will lead
to parameter recovery.

2. Single-Species Quenching

We first focus on single-species quenching as depicted in
Scheme 1. In this scheme species 1 is excited to its corre-
sponding excited state 1*, which decays with the composite rate
constantk01 and is quenched by an added quencher whose
concentration is [Q]. Afterδ-pulse excitation, the decay trace
f(t) of species 1* monitored by fluorescence or transient
absorption is proportional to the survival probabilityS(t):16

where [1*]0 is the initial concentration of 1* dependent on the
wavelength of the pump pulse, and with the proportionality
factorc(λ) dependent on the wavelengthλ, which is either the
emission wavelength (fluorescence) or the wavelength of the
probe pulse (transient absorption).
In classical kinetics the rate of quenching is determined by

the time-invariant quenching rate constantkQ, and the survival
probabilityS(t) is given by

When transient effects are present, the quenching rate constant,
kQ, is replaced by the time-varying rate coefficientk(t), and the
survival probability becomes

where the rate coefficientk(t) depends on the mutual diffusion

constantD, the reaction radiusR, the intrinsic reaction rate
constantka, and possibly on other parameters. In this paper
we consider only the Smoluchowski and Collins-Kimball models
of diffusion-mediated association.16 When the two-dimensional
(2D) and three-dimensional (3D) Smoluchowski models ofk(t)
are used in Scheme 1, the model parameters of interest are{k01,
D, R}. In one dimension (1D) this set reduces tok01 and D.
When the Collins-Kimball model is employed, one more
parameter,ka, is always involved.
The product of the pre-exponential factors in eq 1 is equal to

the initial value of a decay tracef(0) ) [1*] 0c(λ). Hence the
identifiability problem for single-species quenching translates
to the following question: given a model of diffusion-mediated
association, can one find different sets of parameters,{k01, D,
R, ka} and{k̃01, D̃, R̃, k̃a}, such that

The notation of eq 4 serves as a reminder that the survival
probabilityS(t) is parametrized by the quencher concentration
[Q], which is considered to be known, and the kinetic parameters
of an association model. If two or more different sets of
parameters reproduceS(t), the system is not uniquely identifi-
able. However, if eq 4 entails that

the system is uniquely identifiable; that is, its parameters can
be uniquely recovered from decay traces.
Let us consider the survival probability determining a decay

trace at a nonzero quencher concentration. Taking the logarithm
and then the time derivative of each side of eq 4 withS(t) given
by eq 3 one gets

where the notation on the lhs indicates that the rate coefficient
k(t) depends onD, R, andka. Sincek01 can be determined from
a measurement with no added quencher, [Q]) 0, we first focus
on the case whenk01 is known, so thatk01 ) k̃01 and the right-
hand side of eq 6 is equal to zero. Now a condition necessary
and sufficient for global identifiability is that

or, equivalently, in terms of Laplace transforms

Let us first show that eqs 7 and 8 are satisfied by the
Smoluchowski model ofk(t). In 1D and 3D it follows directly
from the explicit forms of the Laplace-transformed Smolu-
chowski rate coefficientk̂S(z):16

For instance, the lhs of the identifiability condition eq 8 becomes
in 3D:

Since eq 11 must hold for allz, it follows thatkD ) k̃D andτD

SCHEME 1

f(t) ) [1*] 0c(λ) S(t) (1)

S(t) ) exp(-k01t - [Q]kQt) (2)

S(t) ) exp(-k01t - [Q]∫0tk(t′) dt′) (3)

S(t[Q], k01, D, R, ka) ) S(t|[Q], k̃01, D̃, R̃, k̃a) (4)

k01 ) k̃01, D ) D̃, R) R̃, ka ) k̃a (5)

k(t|D, R, ka) - k(t|D̃, R̃, k̃a) ) [Q]-1(k̃01 - k01) (6)

k(t|D, R, ka) ) k(t|D̃, R̃, k̃a) w D ) D̃, R) R̃, ka ) k̃a (7)

k̂(z|D, R, ka) ) k̂(z|D̃, R̃, k̃a) w D ) D̃, R) R̃, ka ) k̃a (8)

1D: k̂S(z) ) (4D/z)1/2 (9)

3D: k̂S(z) )
kD
x
(1+ (zτD)

1/2), kD ) 4πDR, τD ) R2/D
(10)

kD
z
(1+ (zτD)

1/2) )
k̃D
z
(1+ (zτ̃D)

1/2) (11)
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) τ̃D and, therefore, thatR andD are uniquely determined.
Similar argument applies tok̂S(z) in 1D. The Laplace transform
of kS in 2D is more involved:

whereK0 andK1 are modified Bessel functions. However, to
see that the parameters{D, R} also identifiable in 2D, it is
sufficient to consider the short-time expansion ofkS(t):16

in the identifiability condition 7. We conclude that the
parameters of the Smoluchowski model can be determined from
a decay trace at a nonzero [Q], givenk01measured in the absence
of quencher. Next we show that a similar conclusion holds for
the Collins-Kimball model.
The Collins-Kimball rate coefficientkCK is related to the

Smoluchowski rate coefficientkS via a Laplace transform
relation:16

The lhs of the identifiability condition 8 for the Collins-Kimball
model reads

Multiplying eq 15 by the Laplace variablezand taking the short-
time limit, zf ∞, one finds thatka ) k̃a. If one applies to eq
15 formula 16,

whereL[...] denotes a Laplace transform, and uses the fact that
kCK(0+) ) ka one obtains

which implies thatkS ) k̃S. It follows that the parameters of
the Collins-Kimball model are uniquely determined from a
measurement at [Q]> 0, givenk01 measured at [Q]) 0.
We have shown that two decay traces, with and without

quencher, guarantee recovery of the kinetic parameters{k01, D,
R, ka}. It is not difficult to see, however, that two decay traces
at nonzero quencher concentrations also lead to a unique
parameter recovery. Since in this case eq 6 is satisfied for two
[Q] > 0, it follows that the rhs must be equal to zero so thatk01
) k̃01 and the deactivation constantk01 is uniquely determined.
Consequently, the identifiability conditions 7 and 8 for the
parameters{D, R, ka} apply again, and these parameters are
also uniquely determined.
Now the question remains, what is the minimum number of

decays measured at different concentrations [Q] necessary to
determine the kinetic parameters, including the deactivation rate
constantk01? Interestingly, in low dimensions (1D and 2D) the
kinetic parameters can be identified from one decay at a nonzero
quencher concentration. This follows from the fact that in low
dimensionsk(t) tends to zero at long times,k(∞) ) 0. Taking

the long-time limit of eq 6, one finds thatk01 ) k̃01 and,
therefore, that the deactivation constantk01 and the remaining
parameters{D, R, ka} are uniquely determined from a decay
trace at one nonzero quencher concentration.
It is well-known that in classical kinetics where the quenching

rate coefficient is constant (i.e.,k(t) ) kQ ) constant), the two
relevant parameters,k01 andkQ, can be recovered from decays
at two different quencher concentrations, irrespective of the
dimensionality of the system. Since we find that in low
dimensions (1D and 2D) asingledecay trace at one nonzero
quencher concentration uniquely determines the full set of
kinetic parameters, we conclude that transient effects can change
identifiability criteria compared to the case when the time-
invariant quenching rate constantkQ is used.

3. Double-Species Quenching without Excited-State
Interchange

In Scheme 2 species 1 and 2 are excited and their corre-
sponding excited-state species 1* and 2* deactivate with
different rate constantsk01 andk02 and are quenched by the same
quencher with the rate coefficientsk1 andk2, respectively. This
scheme corresponds, for example, to a situation where a probe
is attached to a protein or is part of its polypeptide backbone
(e.g., a tryptophyl residue), which assumes two conformations
with different spectral properties and the conformational changes
are slow compared to the fluorescence time scale of the probe.
Let us denote byf(t|λ1) andf(t|λ2) the decay traces originating

from the system shown in Scheme 2 and collected at two
different wavelengths indicated asλ1 andλ2. In fluorescence
these wavelengths are emission wavelengths, whereas in
transient absorption they are the wavelengths of the probe pulse.
We assume that the spectra of species 1* and 2* may overlap,
but are sufficiently different so that the concentrations of the
excited species can be reconstructed as14

wherep1 andp2 denote the scaled concentrations,

and the species- and wavelength-dependent coefficientsx(λ) are
in general unknown. Let us denote bySqi the survival
probability of speciesi* with respect to quenching:

Since at timet ) 0 we have

2D: k̂S(z) )
2πxK1(x)

zK0(x)
, x) (zτD)

1/2, τD ) R2/D (12)

2D: kS(t) ) 2πD((πτ)-1/2 + 1/2- (τ/π)1/2/4+ ...),
τ ) t/τD (13)

k̂CK )
kak̂S(z)

ka + zk̂S(z)
(14)

kak̂S(z)

ka + zk̂S(z)
)

k̃a + k̃̂S(z)

k̃a + zk̃̂S(z)
(15)

L[f′(t)] ) zf̂(z) - f(0+) (16)

ka
2

ka + zk̂S(z)
)

k̃a
2

k̃a + zk̃̂S(z)
(17)

SCHEME 2

p1(t) ) x1(λ1) f(t|λ1) + x1(λ2) f(t|λ2),
p2(t) ) x2(λ1) f(t|λ1) + x2(λ2) f(t|λ2) (18)

p1(t) )
[1*( t)]

[1*(0)] + [2*(0)]
, p2(t) )

[2*( t)]

[1*(0)] + [2*(0)]
(19)

Sqi(t) ) exp(-[Q]∫0tki(t′) dt′), i ) 1, 2 (20)

pi(0)) xi(λ1) f(0|λ1) + xi(λ2) f(0|λ2), i ) 1, 2 (21)
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we can write the following expression for the time evolution
of the decay originating from speciesi* ) 1, 2:

Dividing eq 22 byxi(λ1), we have

which for the case with no quencher becomes

where the subscript 0 onf refers to [Q]) 0. Equations 23 and
24 involve three unknown quantities{yi, k0i, Sqi} so that
additional information is needed to determine them. The
biexponential shape off0(t|λ1) andf0(t|λ2) with exponents-k01t
and-k02t provides this essential information. Let us assume
that there exist alternative values{ỹi, k̃0i} satisfying eq 24:

The numerator of the rhs of eq 25 is a biexponential function
with exponential factors-k01t and-k02t. It follows that k̃0i )
k01 or k̃0i ) k02, and correspondingly there are two different
solutions forỹi. From eq 23 it follows that for each{ỹi, k̃0i}
there is one solution forSqi. The presence of two sets of
solutions of the parameters is due to the symmetry of the system
when the labels of the two species are interchanged and is an
example of a trivial case of local identifiability. We conclude
that decay traces collected in the absence and presence of added
quencher at two wavelengths guarantee local identifiability of
the entire kinetic scheme. Note that this is valid in each
dimension whether transient effects are present or not.

4. Irreversible Association with Separated Excited-Species
Spectra

In this section we discuss identifiability for the irreversible
excited-state association shown in Scheme 3. The composite
deactivation rate constants of species 1* and 2* are denoted as
k01 andk02, respectively. We assume that the excited-species
spectra are such that one can choose the wavelengthsλ1 andλ2
to follow the individual decays of 1* and 2*, respectively. The
kinetic parameters of the system{k01, k02, D, R, ka} include the
deactivation rate constantsk01, k02 and the set{D, R, ka}
parametrizing the time-varying association rate coefficientk21.

Our interest in Scheme 3 was motivated by results of
Martinho et al.,17 who studied excimer formation by pyrene in
cyclohexanol (Q≡ 1 in this case) and found that at 25 and 45
°C the effect of the back reaction is negligible. For these
temperatures monomer fluorescence decays were fitted to eq 3
with the Collins-Kimball model fork21, and a novel method of
simultaneous fitting of monomer and excimer fluorescence
decays was used to recover the excimer deactivation rate
constantk02.
When the wavelengthλ1 is chosen so that only the decay of

1* is seen, the decay tracesf(t|λ1) are those of single-species
quenching, as discussed in section 2. Hence the parameters
{k01, D, R, ka} are uniquely determined from decay traces at
two concentrations, and the question whether the entire kinetic
system is identifiable reduces to the question whether the
deactivation rate constantk02 of species 2* can be determined.
For aδ-pulse excitation the rate equation for the sum of the

scaled concentrations 19 is given by14,17

Equation 26 states that the overall decay of excited species is
determined by the decay rates of 1* and 2* and does not depend
on the interchange mechanism. When the spectra of 1* and 2*
allow one to follow their respective decays separately, one can
chose the wavelengthsλ1 andλ2 so that

wheref(t|λ1) andf(t|λ2) denote the decays originating from 1*
and 2*, respectively.
Laplace transforming rate equation 26, we find

The species- and wavelength-dependent coefficientsx(λ) are in
general unknown. However, since only species 1* is directly
excited, one getsx1(λ1) ) 1/f(0|λ1), so thatx1(λ1) is fixed. The
deactivation rate constantk01 is known from measurements at
λ1. Hence the question is whether a different set of parameters,
x̃2(λ2) and k̃02, can satisfy eq 28:

Upon subtracting eqs 28 and 29, one finds that

which shows that the deactivation rate constantk02 is uniquely
determined from two decays at one concentration, providedk01
is known. We conclude that the parameters{k01, k02, D, R, ka}
of irreversible association with separated excited-species spectra
are uniquely determined when decay traces are collected at two
wavelengths and two concentrations. Again we note that this
identifiability criterion is valid in each dimension irrespective
of the presence or absence of transient effects.
To recoverk02, Martinho et al.17 fitted simultaneously mono-

mer and excimer fluorescence decay traces to an equation equiv-
alent to eq 26. Here we showed that indeed eq 26 uniquely
determinesk02, which supports their method. In ref 14 we
showed that the simultaneous recovery ofk01 andk02 from decay
traces at one nonzero concentration is only possible when tran-
sient effects are present. As we found here, however, transient

SCHEME 3

[xi(λ1) f(0|λ1) + xi(λ2) f(0|λ2)] exp(-k0it) Sqi(t) )
xi(λ1) f(t|λ1) + xi(λ2) f(t|λ2) (22)

exp(-k0it) Sqi(t) )
f(t|λ1) + yif(t|λ2)
f(0|λ1) + yif(0|λ2)

, yi ) xi(λ2)/xi(λ1)

(23)

exp(-k0it) )
f0(t|λ1) + yif0(t|λ2)
f(0|λ1) + yif(0|λ2)

(24)

exp(-k̃0it) )
f0(t|λ1) + ỹif0(t|λ2)
f(0|λ1) + ỹif(0|λ2)

, ỹi ) x̃i(λ2)/x̃i(λ1) (25)

d
dt
[p1(t) + p2(t)] ) -k01p1(t) - k02p2(t) (26)

p1(t) ) x1(λ1) f(t|λ1), p2(t) ) x2(λ2) f(t|λ2) (27)

z[x1(λ1) f̂(z|λ1) + x2(λ2) f̂(z|λ2)] - 1)
-k01x1(λ1) f̂(z|λ1) - k02x2(λ2) f̂(z|λ1) (28)

z[x1(λ1) f̂(z|λ1) + x̃2(λ2) f̂(z|λ2)] - 1)
-k01x1(λ1) f̂(z|λ1) - k̃02x̃2(λ2) f̂(z|λ1) (29)

x2(λ2)(z+ k02) ) x̃2(λ2)(z+ k̃02) (30)
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effects allow, but are not required, for the unique determination
of k02 and other kinetic parameters, whenk01 is known.

5. Summary

In this paper we have studied the identifiability problem in
the presence of transient effects for the kinetic schemes of single-
species quenching, double-species quenching without excited-
state interchange, and irreversible association with separated
excited-species spectra. The Smoluchowski and Collins-Kim-
ball models of diffusion-mediated association were considered.
We showed for single-species quenching in low dimensions,
1D and 2D, that the system parameters can be uniquely deter-
mined from a single decay trace at one nonzero quencher con-
centration. In three dimensions, decays traces measured at two
concentrations are necessary and sufficient to recover the param-
eters. For double-species quenching without interchange of the
excited states, decay traces at two wavelengths collected in the
absence and presence of quencher guarantee local identifiability
of the model in each dimension with or without transient effects.
Irreversible association with separate excited-species spectra is
a straightforward generalization of the basic single-species
quenching model and is also identifiable in each dimension,
given decay traces at two quencher concentrations and two
wavelengths.
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